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Abstract 

Elliptic integrals of 3 kinds were first studied by Euler. We will study them in 
Legendre canonical forms. Some classic simple results are obtained by Landen’s Trans¬ 
formation. In this work we introduce a new, genuine method which leads us to some 
new formulas that as far as we see cannot be by any means transformed to older ones, 
which means they are new in their nature. They are more compact and computation¬ 
ally simpler since they involve only polynomial expressions, compared to present ones 
which include trigonometric and inverse trigonometric expressions. 
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Chapter 1 


Elliptical 


Integrals of First Kind 


1.1 Introduction 


Let’s consider any function f{x). For any function / we can consider another function 
g for which fog{x) = x, irrespective of its real existence. We now claim that for any 
function f{x) we may consider the form fog{x) = h{x) [1], just place h{x) instead of 

X. 


Now let’s apply these assumptions for calculation of antiderivatives, and see the 
integral: 




X‘^ 


-dx = f{x) , where f'{x) = 




For function f'(x) we can now consider any form as above [1] f'{h{x)) = — 

y xh'{x) 

which is selected for my convinience. 


When we equate both f'{h{x)) we get: 

1 _ 1 
\/l — Vxh' 


If we solve this differential equation we get: 
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In 


1 + h 
1 - h 


, 2 h' 1 dh dx 1 1 / 1 1 

* ’ 1 — /i^ x’ 1 — /i^ x’ 1 — 2yl + /i~*~l — /i 

( 1 . 1 ) 

-/ 

( 1 . 2 ) 


1/1 1 ^ f dx 

2(r^ + rn;j‘*'*“ / “ 


-(/n(l + /i) — in{l — h)) — —In ( ^ ^ ^ 1 — Inx 


= Inx^, 


l + h 


= X 


— 1 = X 


1-h ’ l-h ^ ■“’ l-h 

2 x2 - 1 


= X + 1, 


= l-h 


h=l- 


, h' = 


x^ + 1 
2 • 2x 4x 


^2 _j_ 1 3,2 ’ (x^ + 1)2 (x2 + 1)2 

/i' _ 4 _ 2 

X (x^ + 1)2 ’ V X x2 + 1 

(1.3) 


1 /77 

If f'(h) = —j= then h'f'(h) = \ —. By intergrating both sides we get; 
Vx/i' V X 


/(ft) = 


X 


1 ) 


dx 


from (1-3) 


(1.4) 


f dx 

So, f(h) = 2 -= 2arctanx. 

^ ^ y x2 + 1 

For h{x) let’s find g{x) so that hog = x 


1 — X = 


52 + 1 ’ 


r+ 1 = 


1 ’ 
1 — X 


9^ = 


hog = 1 — 
2 


52 + 1 


= X 


- 1 = 


1 — X 


g{x) = ± 


1 + X 
1 — X 
1 + X 
1 — X 


We take g{x) = 


1 + X 
1 — X 


We then find /(x) = 2 arctan 


1 + X 


It is easy to verify that derivates of 


1 — X 
\ / 

arcsinx and /(x) are equal. We can also hnd the constant c for which /(x)+c = arcsinx. 

In a similar way we can deal with any other intergral and find the andtiderivative. 
In next sections we deal with elliptic integrals in the same manner and find their 
antiderivates. This in its turn leads us to some relations between them with respect to 
the coefficients k. 
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1.2 Elliptical Integrals 


dx 


J Y^(l — — kP'x"^) 

Let‘s consider the form; 


f dx 

= f(x), f'{x) = — 


(1.5) 

( 1 . 6 ) 


f'{h) 


nh) = 


((1-/i2)(1_A:2/j2))1/2 

The parts (1 — ^ 2 /^ 2 ^ 1/2 


1 

{x{l - A: 2 x 2 )/i ')^/2 

1 

(x(l — A:2 /i2)/j/)1/2 


(1.7) 

( 1 . 8 ) 


/r' 


dh 


1 


1 - /i2 


1 / I ^ 1 


1-^2 1-/^2 2\k-h l + h 


-(ln(l + h) — ln(l — h)) = Inx 


1 + x2 = 


-2 

h-2 


h-l = 


-2 

1 + x2 


h = 


—2 + 1 + x2 x2 — 1 


1 + x2 


x2 + 1 


f'ih) = 


(x(l — A:2 /i2)/i)1/2 


h'f{h) = 


* ^ 1 + 

h' 

x(l — /c2/l2) J 


X 


2 • 2x 


/W = 

4 


/i' 


1/2 


/(^) = / - 



(1 + X^)^ (l + x2)2’ 
dx f 


x(l — /c2/l2) 

2 

X 


dx 


/\ 1/2 


1 + x2 
dx 


(1 - A:2/i2)l/2 7 l+x2 (l-A:2h2)l/2 

A:2(x2 - 1)2 (x2 + 1)2 _ A:2 (x2 - 1)2 


1 - 


h = 


x^ — 1 
x2 + 1 ’ 


/w=/ 


(x2 + l)2 
2 


(x2 + 1)2 

(1 + x‘^)dx 


1 + x2 ((^2 + 1) — /c2(x2 — l))l/2 


(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

(1.18) 


2dx 




j ((a:^(l — A:} + 1 + A)(x^(l + A) + 1 — k)y^^ 
2dx 

(l_^2)l/2 U2 + i^j (l + ^)l/2 /^2 + i^j 


(1.19) 

( 1 . 20 ) 
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2dx 


( 1 . 21 ) 


fW = 


(1 -fc)V2 


+ 


1 + k 
1-k 


1/2 


+ 


1-k 
1 + k 


1/2 


1 

a 


Integral of type 


dx 


dt 


(l_t2)l/2 


(x^ + a2)^/^(x2 + 62)1/2 

- 77 ;r by substltutlon: 

a2 - 62 ^ 


can be transformed to 


V 




bt 


X = 




2 1 k 2 f ^ 72 ^ 

“ = 1 ^ = TTTT’ ^ = ^• 
1 — /c 1 + A: 


— r 1 (1 “ 


= 1- 7 = 1- 


(1 + A;)2 


/U 


6t 




1 + 2A + A:^ — 1 + 2A — A:^ 4A , 2\/A 

(1 + A)2 ^ (1 + A)2’ 

( 1 . 22 ) 

_ 2 A dt 

“ (1 - ky/^1 + ky/^ J (1 -t2)l/2(l _ (A;')2t2)l/2 

(1.23) 


Let’s define /i 


6t 


\/l — t2 






(1.24) 


k, k' - are respective moduli 


62/2 ^ 

^ 1-/2 ^ 1-/2 ^ / 2(1 + 62 ) - 1 
bH ^ 62/2 + 1-/2 i 2 ( 52 _ l ) + l 


(1.25) 


Let’s define 


F{t,k) 



dx 

\/l — x2 • vT 


^2^2 


(1.26) 


For special values / we have / = 0, +(0) = —1; / = 1, +(/) = 1 
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0 


1-1 a/ 1 — • Vl — J-i a/1 — • a/I — k‘^x'^ Jo \/l — • Vl — 

(1.27) 

dx dx ^ , 

= / , - , : + / , , =, since the integral is even 

Jo v/r^ • Vl - Jo v/r^v/1 - A:2x2 ’ 

(1.28) 


We write K{k) = f 
Jo 


^1 — x2\/l — /c2x2 


, say K(A:) is complete integral. 


i7(fe) + F{^{t),k) = f{^{t),k) - /(-I, k) 


(1.29) 


Using the identity 1.24 we write 


7s:(/c) + k) = • /(t, /c') - 

As a result we obtain a formula; 


F((^(t),fe) = —F(t,A;')-i^(fe) 

We have a similar formula in Arthur Baker. [p.50] 


(1.31) 


If we put t = 1 we get: 




(1.32) 

(1.33) 


Let’s transform to form f{t, k) = ^ ^ ^ • f{g{t), k') where 


= L ^(i) = 


(1 — 62)t -)- 52 _|_ ]^ 


/(L fc) = • 7 - 7 W- . • f{9n{t),kn), k' = ki, k” = k2 


(1.34) 


where: 

kn - consecutive application of- gnit) — gogo...g(t) 

1 + k ^^ 
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Taking limit linin^oo '■ 


lim 


n—>oo 


2 

1 + k 


2 

1 + fci 


—^ = 1k\ K' = K{^/l-k^)[l]\pAb] 

-L “r f^n ^ 


(1.35) 


limn^ookn ='i- [l][P-48], limn^oo9n{t) = u{t) (1.36) 


f(t,k) = -K'f{u{t),l) = -K' I - 
TT TT J 1 


d{u{t)) 


— v?{t) 


2K' 1 , 

-In 

TT 2 


1 + u{t) 
1 — u{t) 
1 + u{t) 


K' 

f(t, k) = —In , 

^ TT Vl -H(t) 


(1.37) 


Again: 



f{b, k) - f{a,k) 


(1.38) 


/■* dt 

lo (l-t2)l/2(l_ ^2^2)172 


= /(i,fc) - /(o, A:) = 


K' 


K' 


TT 


In 


TT 

1 + gn{t) \ 
1 - 9n{t)J 


In 


— In 


— In 


1 + u{t) 

1 — u{t) 

1 +9n{o) 
1 - 9n{o) 


1 + it(o) 

1 — u{o) 


where n 
(1.39) 


We have something similar in Arthur Baker [p.56] which is 


2A:' 1 

F{ip, k) = -lntan(- + -(fon) 

TT 4 2 


OR 

= oo. 



Chapter 2 


Elliptical Integrals of Second 
Kind 


Integrals of second kind are represented by 


We can transform it to 


f I — k‘^x^ 

J V 1-X2 


dx 


( 2 . 1 ) 


^ 1 — k‘^x‘^ ^ d f 1-2 /" x'^dx 

J a/I — ^2 a/I — ^2^2 J J y/( 1 — x2)(l — 

( 2 . 2 ) 

Introduce 


/(a:) = J 


x'^dx 


Y^(l — x2)(l — k‘^x‘^) 
Let’s consider the form 


, /'(a;) = 


Y^(l — x2)(l — A:2x2) 


(2.3) 


f{h) = 




(x(l — A:2/i2)/i')i/2 


(2.4) 


/'(/^) 


^2 _ /l2 

((l-/l2)(l-A:2/i2))l/2 “ (x(l - A:2h2)/i')l/2 

1 ^ _ x2 - 1 

1 — /l2 X 1 + x2 x2 + 1 


(2.5) 

( 2 . 6 ) 
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1/2 


dx 


_ 2 
\x ) 1 + 


(2.7) 


1 - = 




2 1 - 


(x^ + 1)2 


( 2 . 8 ) 


m = J 


(x2 - 1)2 2 


(x2 + l)dx 


(x2 + 1)2 1 + x2 (1 — A:2)l/2(a;2 _|_ q^2^1/2^2;2 + ^2)1/2 ’ 


9 1 + k ,9 1 — k 

a = - -r, r = 


1 - fc’ 


1 + k 
(2.9) 


Again by substitution of x = 


bt 


f{h) = - [ 

a J 


^/T^ 

/i2 


we get: 


dt 


(1 - A:2)l/2 (1 _ t2)l/2(l _ (fe/)2i2)l/2 


( 2 . 10 ) 


, 2\/k 

where k = -x = x t 

l + k ^ ^ 


fih) = 


Let’s calculate h?{x{t)) = 


+ !)-! _ 1 I o 1 ^ o _ 1 - 1 + fe 

t2(52_i) + i A: t2_(^J ’ ^ 2k ^ ^ 2k 




(2.13) 


fih) = 


ip^{t)dt 




(2.14) 


f{h) = 


2 1 /■ / 1 


1 + A: fe2 


1 1 


^/ + 2^ t2 _ i?' 




1 1 


{t'^-cy R' 


• s-, dt (2.15) 


Let’s transform R’: 
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(1 — x^)(l — {k')‘^x^) = 1 — {k')‘^x^ — + (/c')^x^ = 1 — {{k')"^ + l)x^ + {k')‘^x‘^ (2-16) 


If i? = y^qH-^5x^~+0^ 


xR 

x^ + a 


(x^ + a)dx 
R 



dx 

((x^ + a)R ^ 


dx 

(x^ + a)2i? 


(2.17) 


ai = —{2n — 5 ) 7 , /3i = —(2n — 4)(/I — Sa^y) 

71 = —(2n — 3 )( 3 a ^7 — 2a/3 + a), di = (2n — 2 )(a ^7 — a^/3 + aa) 

a = 1 a = —C 
13 = -(1 + (fe')^) n = 2 7 = (/c')^ 


1 ■ 0 ^-) f - 0 ■ / t + 2a(l + (tO^) + 1) , f 


dx 


Ai 


(x^ + a)R' 


+2{a^{k')‘^ + a^(l + {k')"^) + a • 1) [ 

' -V-" J 


dx 


xR' 


^2 


1 + {k'Y = 


(x^ + a)^ii' x^ + a 
(2.18) 

1 + 4/c 1 + 6/c + 


yli = 3 


(1 + /c)^ (l + /c)2 

(1 +/c)^ Ak 2{l + k) l + Qk + k'^ 
4k^ ‘ (1 + A:)2 2fe (1 + A:)2 


+ 1 


^2 = — 


3 {1 + Qk + k'^) 3 + 3k — 1 — 6k — k'^ + k'^ + k 2 —2k 2(1 — /?) 

k{l + k) ^ ^ k{l + k) ^ k{l + k) ^ k{l + k) 

A, - 2(1 - fc 

^ k{l + k) 
(2.19) 

(1 + /c) ^ 1 + 6/c + /c^ 1 + A: —2 — 2k + l + 6k + k'^ — 2k — 2k‘^ —k'^ + 2k — 1 


2A:2 


4A:2 


2k 


4A:2 4A:2 

-(A:2-2A: + 1) -(1-2)2 


4A:2 


Ao = 


4A:2 

-(1-A;)2 


4A:2 


( 2 . 20 ) 


From (2.15) we have: 
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2 1 f dx 2 1 

“ TTk '¥ I TTk , 


dx 


+ 


2 B^ 


dx 


{x^ + a)R' (l + k) 


, {i-k)Hi + kr 

4A:2 


(x2 + ayR' 
( 2 . 21 ) 

-A2il + kf 

( 2 . 22 ) 


2^2 

(TTaop 


2 1 

YTk' ¥ 


-A2{i + ky 


From (2.18) we have: 


- 2 A 2 


dx 


(x2 + a)2i?' 


= - 2 A 2 


l + k 
~¥~ 


dx 


(x2 + a^R' 


l + k 
~¥~ 


- 2 A 2 


dx 


(x2 + afR' 
(2.23) 


So, from (??) : 


2132 r dx 1 + k f dx ^ ^ f 9 A f ^ 

{1 + k)k‘^ J (x2 + a)2i?' ^ k‘^ J (x2 + a)2i?' k'^ \ {x'^ + ayR'J 

_ 4 f x^dx 2 I' dx 2(1 — k) f dx xR' l + k 

^ k{l + k) J ~ ¥ J ¥ ¥ J (x 2 + a) 2 i?' “ x 2 + a ' k^ 

(2.24) 


/ dx 2 

— the coefficient is: ^ ^ ^ 


1 _ 2 / 1 
P “ P Vl + A: 

For '■ 


-1 = 


2--k _ -2 

k ■ {1 + k) k{l + k) 

AB A{l-k){l + k) 2{l-k) -2(1-A:) 


(x2 + a)R' ■ (1 + k)k‘^ (1 + A:) • A:2. 2k 

which simply vanishes. 

So the expression (2.21) takes the form: 


k^ 


k^ 


= 0 


f{h) 


-2 

k{l + k) 


R' k{l + k) 


x^dx 

~1¥~ 


h{x{t)) = ip{t) 


xR' l + k 
x2 + a A:2 
+ 1 ) - 1 
- 1 ) + 1 


(2.25) 

(2.26) 


E{k) - for complete integral 
For special values 
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t = 0 if = —1 

t = 1 if = 1 


1 1 

-1 0 



(2.27) 


(2.28) 


Let’s define: 


2 k 


G{k) = K{k) - k‘^E{k) = K{k) +-- -E{k') = K{k') - 


\ + k 


1 + k 


2 k 

1 + k 


E{k') 


since K{k) = 


1 + k 


K{k') 

(2.29) 


G{E) = K{k') - {k' fE{k') 


Let’s multiply the above by - 

1 + K 


2 

1 + k 


G{K) 


1 + k 


K{k') - {k'fE{k') = -rK(A:') + G{k') - K{k') 


1 + k 


since 


{k'Y = 


Ak 


1 + k 


(1 + kY 

G{k) = G{k') + (1 - k)K{k) 


(2.30) 

(2.31) 


Define; 



F{x,k), 


fX 4.2 


Edt 

m 


= E{x, k) 


R{t) = {1-Yf/‘^{1 - 
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G{x,k) = 


'l-A;2t2y/2 _ rx fX ^2 

/o Jo m 



e £ ^^=F{x,k)-eE{x,k) 

(2.32) 


h{x) = if{x) = 


\b^ + l)-l 


x2(62 _ 1) _)_ 1 

f{ip{x),k) - fi-l,k) = j 

° edt edt 


yp(O) = -1 ^(1) = 1 

(2.33) 
fdt 

W) 

(2.34) 


+ 


-1 -R(^) JO 


= E{k) + E{(p{x),k) 


(2.35) 


From 2.25 we have 


E{k) + E{ip{x), k) = 

E{^p,k) = 


-2 


k{l + k) 
-2 


k{l + k) 


dt 

0 ^ 
F{x,k') + 


+ 


k{l + k) 


l + k 


E{x,k') - 


Edt 

~W)' 

xR' 


xR' l + k 


+ a A:2 


(2.36) 


l + k 
x"^ + a /c2 


-E{k) (2.37) 


G{h,k) = F{h,k)-k‘^E{h,k) (2.38) 

2 A* 4 A* 'V 

= F{h, k) + ■7 -^F{x, k') - rr^E{x, k') +k^E{k) + • (1 + fc) 

1 + A; 1 + A: x^ + a 

'-V-' 

2 A* 4 A* 

— F(x, k') + F{x, k'){l + h)- • (1 + k)E{x, k') - (1 + k)F{x, k') (2.39) 

(1 + k){F{x, k') - {k'fE{x, k')) (2.40) 

{l + k)G{x,k') (2.41) 


2k 

l + k 


F(x, k') -{l + k)- F{x, k') = F{x, k') - (1 + k)^ 

^f 2k — 1 — k'^ — 2k 
= F{x,k') - 


l + k 


= -F{x,k') 


1 + fc^ 
l + k 


*F{h,k) = —F{x,k')-K{k) 


Let’s sum the rest of equation: 


(2.42) 


(2.43) 
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2 (^ -i- k'^ ) tN' 

- - rF{x, k') - K{k) - F{x, k') ■ — -+ (1 + A:) • G{x, k') + k^E{k) H—^-(1 + k) 

\ + k \ + k x'^ + a 

(2.44) 

/ 2 — 1 — ^2 \ 1 _ ^2 o / 

F(x, k') = ITP + (1 + k') + k^E{k) + ^(1 + /^) 

tE' 

G(h, k) = (l- k)(F(x, k') + (1 + k)G{x, k') - (K(k) - k^Eik)) + -(1 + k) 

+ a 

tH' 

G{h, k) = {l + k)G{x, k') + (1 - A:) • F{x, k') - G{k) + -(1 + k) 

x^ + a 

where h{x) = ip(x) = ^ 2(52 _ 1 ) + 1 

R'{x) = ((1 — x^)(l — (A:')^x^))^/^ 

(2.45) 


we have similar formula in Arthur Baker, [p.99] 


15 



Chapter 3 


Elliptical Integrals of Third Kind 
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f'ih) = 


{h? + m)[l — {k‘^K^)xh'Y/'^ 


f'ih) = 


{h? + m) ■ (1 - /l2)l/2 ■ (1 - P/i 2 )l /2 - ■ (1 - A: 2 /i 2 ) 1/2 ■ (x/l')V2 

/l' _ 2 _ x2 - 1 

- X, /i - 1 - 


I {x) ■ (/i3 + m) ■ (1 - A:2/i2)1/2 

2 /2,2_. A:2(x2 - 1)2 _ (^2 + 1)2 _ A:2 (x2 - 1)2 

VxJ “l + x2’ ^ kh-1 (^2 + 1)2 - (x2 + l)2 

2.2 (x2 + 1 — /c(x2 — l))(x2 + 1 + A:(x2 — 1)) x2(l — A:) + (1 + k){x‘^{l + k) + {1 — k)) 

^ = (x2 + 1)2 = (x2 + 1)2 

(x2 + 1)2 


1 (x2 + 1)2 


2(m- 1) 


+ m m + 1 x^ + ax^ + 1 ’ m + 1 


HU) = j 


2 (x2 + 1)2 1 1 

1 + x2 m + 1 x^ + ax + 1 (1 —/c2)i/2 


(x2 + l)dx 


2 1 + /c 

" ^—k 




i-kV/^ 
^ 1 + k) 
bH^ 


transforms by substitution: 


l-t2 


, « ft = 


(l-t2)l/2 


1 — A: 1 + A 

11 1 ,_ 2Vk 

a ( 1 —t 2 )l /2 (1 — (A')t2)l/2 ’ 1 + A 


fih) = 


2 (x2 + l)2 1 /l_fcy/2 dt 

m + 1 x^ + ax2 + 1 (1 — A 2 )i /2 -R'(t) 

R\t) = (1 - - {k')^)t‘^)^^^ 


x{t) = 




2 r f 1 (2 - a)x2 1 \ 

(m + 1) • (A + 1) J \R'{t) (x^ + ax2 + 1) R'{t)) 


(3.10) 


(3.11) 
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Let’s consider the second part of paranthesis: = z 

z A B= 


+ az + 1 z — zi z — Z 2 


Zl - Z2 


Z2 - Zl 


—a zb 


z = 


4:A/—m 
m + 1 


Xi = Zl, X2 = Z2 


Z — Zl = X — Xl = 


bH^ 

l-t2 


-Xl = 


b‘^t^ — Xl + xit^ {b"^ + Xl) — Xl 


l-t2 


l-t2 


/ z I zi B 

(2 — a) (-h 


Z — Zl z — Z 2 J R' (t) 


(3.12) 


A B 
+ 


A{l-e) ^ 5(1-t2) 


Z — Zl Z — Z2 ^2(52 ^2('^2 _|_ 2 - 2 ) — X2 

1 - t 2 -1 52 

+ 


t‘^{b‘^ + Xl) — Xl b'^ + Xl (62 + xi)2 ^2 

52 + Xl 

l-t2 


-1 62 
+ 


t2(62 + X2)-X2 62 +X2 ' (62 + ^ 2)2 f2 _ ^ _ 

62 + X2 


-Xl -X2 

= m, 1?^— = m 


62 + X — 1 


62 + X2 


(3.13) 


So, 


A 


+ 


B 


Z — Zl Z — Z2 • R'{t) 


dt is equal to: 


-A 


'“-B- ^ 


dt Ab^ 


1 dt Bb"^ 


1 dt 


62 + Xi7 R'{t) 62 + X2 7 R'{t) (62 + Xi)2y t'^+TJi R'{t) (62 + X2)2 7 t'^ + rj2 R'{t) 

(3.14) 


Let’s evaluate the inside of paranthesis: 


+ 


(2 - «) • Ab^ 

(62 + X2)2 

r 

Cl 


1 - (2 - a) 

dt 


A 


+ 


B 


+ 


62 + Xl 62 + X2 

(2-a)562 f 


dt 

mi) 


dt 


(t2+ ryi)(5'(t)) (62 + X2)2y {t"^ + r]2)iR'{t) 


dt 

mi) 


+ C 2 


dt 


(t2 + r]i)R'{t) 


+ C 3 


dt 


(t2 + r] 2 )R'{t) 


(3.15) 


Ci,C 2 ,C 3 - for correspnding coefficients let’s change the notation: 
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p{t,m,k) = j ^ 


dt 

+ m R{t) 
dt 


p{(p{t),m,k) = M{Cif{t,k') + C 2 p{t,n,k') + C' 3 p(t, 772 ,/c')) 

M = ^ 


(m + 1)(1 + k) 


(3.16) 

(3.17) 

(3.18) 

(3.19) 


Define; 



F{t,k), 

ip{t) = 


Jq + m 


dx 

R{x) 


+ 1 ) - 1 

f2(62_i) + i’ 


= P{t, m, k) 

m = -1 


(3.20) 

(3.21) 


(p{t) t 

-1 0 



1 dt 
P + m R{t) 


M(Ci, F(f, k')) + C 2 P{t, n, k') + C^P{t, n, k') 

(3.22) 


P{ip{t),m, k)+P{m, k) = MCiF{t, k')+MC 2 P{t, rii, k')+MC 2 ,P{t, r] 2 , k') 

(3.23) 


where P{m, k) for complete ingtegral 

P{ip{t),m, k) = MiCiF{t, k')+MC 2 P{t, ni, k')+MC‘iP{t, p 2 , k')—P{m, k) 

(3.24) 


we have a similar formula in Arthur Baker [p.l07] 
For special values (p{t) = —1, ip{t) = 1 


1 1 

-1 0 


2P(m, k) = M{Ci,K{k') + C' 2 P(r/i, k') + C' 3 P(r/ 2 , k')) (3.25) 
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